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ABSTRACT 

 

B. Talaee, G. Nasiri. 2019. On intersection graph of intuitionistic fuzzy submodules 

of a module. Lebanese Science Journal. 20(1): 104-121. 

 

There are some interesting relations between submodules of a module and its 

intuitionistic fuzzy (IF) submodules. In this paper we investigate some relationships 

between submodules of a module and its IF  submodules. Then we introduce a graph 

structure on IF  submodules of a module and obtain some properties of it, that is the 

main goal of this paper. We define the intersection graph of submodules of a module M  

(G ) and we show that a submodule N  of M  is a center in 
M

G  if and only if IF

N
  

is a center in IFG

 . We get some relationships between IF  submodules of a module 

and their supports, as vertices of IF  graph and crisp graph of a module M , 

respectively. We show that an IF  submodule A  of M  is center in IF  graph of M  

if and only if 
A  is a center in crisp graph of M . 

 

In prime ring R , we show that every vertex of intersection graph of IF  ideals of 

R  is center. In general the nature of intersection graph of IF  submodules of a module 

under intersection, homomorphic images, finite sum and other algebraic operations of its 

vertices, are investigated. 

 

Keywords: Fuzzy submodule, Intuitionistic fuzzy submodule, Intersection graph of IF 

submodules, Center of IF  graph. 
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INTRODUCTION 

 

After the introduction of fuzzy sets by L. A. Zadeh [18], a number of applications 

of this fundamental concept have come up. 

 

A. Rosenfeld [16] was the first one to define the concept of fuzzy subgroups of 

group. C. V. Negoita and D. A. Ralescu [14] applied this concept to modules and defined 

fuzzy submodules of a module. A. Rosenfeld [16] interpreted the concept of fuzzy group 

which has been influencing the researchers gradually. As a generalization of fuzzy sets, 

the concept of intuitionistic fuzzy sets was introduced by K. T. Atanassov in [3]. Using 

this idea, B. Davvas [8] established the intuitionistic fuzzification of the concept of 

submodules of a module. The intersection graph of algebraic structures has been studied 

by several authors. J. Bosak [4] in 1964 defined the graph of semigroups. Inspired by his 

work, B. Csakany and G. Pollak [7] in 1969, studied the graph of subgroups of a finite 

group. Recently, in 2009, the intersection graph of ideals of a ring, was considered by 

Chakrabarty, Ghosh, Mukherjee and sen [5]. Rajkhowa, K. K. and Saikia, H. K in [15] 

study on center of intersection graph of submodules of a module. Here we define the 

intersection graph of intuitionistic fuzzy submodules of a module. Our main goal is to 

study the connection between the algebraic properties of a module and the graph theoretic 

properties of the graph associated to it. In this paper after some essential preliminaries of 

fuzzy sets and intuitionistic fuzzy sets and submodules, we study the center of 

intersection graph of intuitionistic fuzzy submodules of a module and establish some 

results relating with corresponding crisp concepts. This intersection graph of 

intuitionistic fuzzy submodules is an infinite graph.  The importance of intuitionistic 

fuzzy theory is that it improve fuzzy theory such that the non-membership of each 

member is a value between 0 and 1 – its membership value.  Intuitionistic fuzzy set is 

very profitable model to elaborate uncertainty and vagueness involved in decision 

making.  Intuitionistic fuzzy set has many applications in sciences and industry such as 

medical diagnosis, medicine, decision making problems. 

 

For more information about intuitionistic sets and systems, readers are urged to 

refer to the following literature [6, 9, 11, 13]. 

 

MATERIAL AND METHODS 

 

A background of intuitionistic fuzzy submodules 

 

Throughout this paper R will denote a ring with identity and all modules are 

unitary left R-modules. Since then we use briefly "IF" for "intuitionistic fuzzy".  In this 

section first we give some basic definitions of F and IF sets.  We refer the reader to [3, 8, 

18] for these definitions. 
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Note that we use notations   and   for maximum and minimum, repectively. 

 

Definition 1: Let X be a set. A map [0,1]: X  is called a subsetfuzzy  of X. The 

collection of all fuzzy subsets of X is denoted by X[0,1] . 

Let X[0,1] , then 

1.    if and only if )()( xx    for every ]1,0[x  ; 

2. )()(=))(( xxx    for every ]1,0[x ; 

3. )()(=))(( xxx    for every ]1,0[x . 

 

Definition 2: A fuzzy set   of a ring R  is called a idealfuzzy , if it satisfies the 

following properties: 

1. )()()( yxyx   ;  

2. )()()( yxxy   ,for all Xyx ,  .  

 

Definition 3: A fuzzy subset  of a module M is called a submodulefuzzy  of M if for 

every Myx ,  and Rr , the following conditions are satisfied 

1. 1=(0) ; 

2. )()()( yxyx   ; 

3. )()( xrx   . 

We use the notation )(MF  for the set of all fuzzy submodules of the module M . 

Let )(, MF . Then the sum of   and   is defied by  

 },;=  |  )()({=))(( Mzyxzyyyx    

for every Mx . 

 

Definition 4: An setfuzzysticintuitioni    (in short IFS) A of a non-void set X is an object 

having the form }:))(),(,{(= XxxxxA AA   where the functions [0,1]: XA  and 

[0,1]: XA  denote respectively the degree of membership (namely )(xA ) and the 

degree of non-membership (namely )(xA ) of each element Xx  to the set A, and 

1)()(0  xx AA   for all Xx .  

 

Definition 5: Let X be a non-void set and ),(=),,(= BBAA BA   be sIFS ,  of X. 

Then 

1. BA  if and only if )()( xx BA    and )()( xx BA    for all Xx ; 

2. BA =  if and only if )(=)( xx BA   and )(=)( xx BA   for all Xx ; 

3. ),(= AA

cA   is called the IFS complement of A; 

4. }));()(),()(,{(= XxxxxxxBA BABA   ; 
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5. }));()(),()(,{(= XxxxxxxBA BABA   ; 

 

Definition 6: A IF set A= ),( AA   of R is called an sticintuitioni  fuzzy  ideal  ( IF  

ideal), if it satisfies the following properties: 

1. )()()( yxyx AAA   ; 

2. )()()( yxxy AAA   ; 

3. )()()( yxyx AAA   ; 

4. )()()( yxxy AAA   . 

 

 For two IF ideals A  and B  of a ring R  define 

),(=
ABAB

AB  , such that  

}=  |  )()({=)( xyzzyx
BAAB

   and }=  |  )()({=)( xyzzyx
BAAB

  , for 

every Rx . It is easy to see that AAB  , for every two IF  ideals  A and B of R . 

 

Definition 7: Let M be an R-module and A= ),( AA   an IFS of M. Then A is called an 

submodulefuzzysticintuitioni    )(IFM  of M, (denoted by MA
IF

 ), if A satisfies the 

following  

1. 0=(0)1,=(0) AA   

2. )()()( yxyx AAA   , for all Myx , ; 

  )()()( yxyx AAA   , for all Myx ,  ; 

3. )()( xrx AA   , for all Mx  and Rr ; 

  )()( xrx AA   , for all Mx  and Rr . 

We denote the set of all IFM  of M  by )(MIF . If BA,  are two sIFM ,  of M  such 

that BA , then we say A  is an IF  submodule of B  and denote by BA
IF

 .  

 

Definition 8: Let M  be an R -module, MN   and [0,1] . Define the IFS  

),(=
NN

N 
  of M  as follows 

 

 






 







 

otherwise

Nx

xnd

otherwise

Nx

x
NN

1

  

  1

=)(    a    

0

  

  

=)(










 

for all Mx .  
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If 1= , then 
N

N




=  and c

N
N




= , where 
N

  denotes the characteristic 

function of N . In this case we write ),(== c

NN

IF

N
N  . We denote IF

N
  by IF

N
1  and 

IF


  by   also. 

Let ),(=
AA

A   be an IFS of M . Define 

0}>)( | {=* xMx
AA

   and 1}<)( | {=* xMx
AA

  . 

Also (0)}=)( | {=
* AAA

xMx    and (1)}=)( | {=
* AAA

xMx   . 

In general for every Mt  define level subsets 

})( | {=)( txMx
AtA

   and }1)( | {=)( txMx
AtA

  . 

If ),(=),(=
BBAA

BA    are two ,IFS s of an R-module M , then obviously 

**

BA
   and **

BA
  . 

 

Let 
AA

A
**

* =   , *** =
AA

A    and so **=
AA

A    and 
tAtA

tA )()(=   . 

We have the following proposition. 

 

Proposition 9: 

1. If A  is an IFM  of M  then *** =
AA

A   , *
*

= A
A

  an *=
A

A  . 

2. If A  is an IFM  of M  then 
AA

A
*

*
*

=   , and also MA =*  if and only if 

 IF

M
A = . 

3. 0=*A  if and only if IFA

= . 

4. If MA
IF

 , then AIF

A


*
  and 

AAA  *

* . 

5. If AIF

M
= , then 

*= AM . 

6. AIF

M
=  if and only if *= AM . 

7. If BA  are two ,IFS s of M , then 
** BA  , ** BA   and 

 BA  . 

8. If IFA

= , then =*A . 

9. 


== AA IF  .  

    •  Proof. All are easy and follow from definitions.   

 

Definition 10: Let NM ,  be two R -modules and NMf :  an R -homomorphism. 

Let MA
IFAA

),(=   and NB
IFBB

),(=  . Then ),(=)(
)()( AfAf

Af   and 
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),(=)(
)(1)(1

1

BfBf

Bf


   are IFM ’s of N  and M  respectively, such that for all 

Ny   

 













)(0

   

)(   )}(=  |)({

=))((
)(

fImy

fImyxfyx

y
A

Af



  

and 

 

 












)(1

   

)(   )}(=  |)({

=))((
)(

fImy

fImyxfyx

y
A

Af



  

and for every Mx   

 ))((=))((       a      ))((=))((
)(1)(1

xfxndxfx
BBfBBf




. 

 

Proposition 11: Let M  be an R -module and MN  . Then MN   if and only if 

M
IF

IF

N
 .  

 

    •  Proof. Suppose that N  is a submodule of M . Then N  and hence 

1=)(
N

 and 0=)( c

N
. 

Now let Myx , . If Nyx , , then Nyx  , so )()()(=1 yxyx
NNN

   

and )()()(=0 yxyx v

N

c

N

c

N
  .  

If Nx , then 0=)()()( yxyx
NNN

   and 1=)()()( yxyx
NN

c

N
  . 

Similar to this case we get if Ny . 

Now let Mx  and Rr . If Nx , then Nrx  and so we have 

)()(=1 xrx
NN

   and )()(=0 rxx c

N

c

N
  . 

If Nx , then )()(=0 rxx
NN

   and also )()(=1 rxx c

N

c

N
  .  

Therefore IF

N
  is an IFM  of M . 

For converse suppose that IF

N
  is an IFM  of M . So 1=)(

N
 and hence N . 

Now let Nyx ,  and Rr , then 1=)()()()()( yxyrxyrx
NNNNN

  . 

So Nyrx  . That is N  is a submodule of M .   

 

Example 12: Let 
12

= ZM  over Z  and 
12

2= ZN  , 
12

3= ZK . Then IF

N
  and IF

K
  
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are 
,IFM s of M . 

 

Example 13: Let RQ=M . Then MQ  but MZ . So M
IF

IF 
Q

  and MIF

Z
 , by 

proposition 2.14. 

 

DISCUSSION AND RESULTS 

 

Center of Intersection graph of IF submodules of a module 

  

In this section we use notations GR, VX and EG for graph, vertex and edge 

respectively. 

 

A GR G  consists of a set )(GV  of vertices or points and a collection )(GE  of 

pairs of vertices called edges. If a  and b  are two vertices of a GR and if pair ( a ,b ) is 

an EG denoted by e , we say that e is an EG between a  and b  or a  and b  are near. 

In our discussion, all GRs are simple. The GR ),(= FWH  is a subGR of the GR 

),(= EVG  if W  is a subset of V  and F  is a subset of E . If ),(= FWH  is a subGR 

of the GR ),(= EVG  such that an EG exists in F  between two vertices in W  if and 

only if an EG exists in E between those two vertices, the subGR H  is said to be caused 

by the set W , which is maximal subGR of G  with respect to the set. A lane in a GR is an 

alternating sequence of vertices and EG nnaxaxa ...110  in which each EG ix  is ii aa 1 . 

The distance of a lane is n, the number of occurrences of EG in it. A route is a lane in 

which all vertices are different. For vertices x  and y  of G, we define ),( yxd  to be the 

distance of any shortest route from x  to y . G  is said to be connected, if there exists a 

route between every pair of vertices of it, otherwise it is said to be disconnected.  

 

Now we are going to remember the definition of intersection GR on algebraic 

structures. The intersection GR of ideals of a ring is a GR with VX set as the collection of 

nontrivial ideals of the rings such that any two vertices are near if their intersection is not 

zero. The intersection GR MG  of submodules of M is a GR with VX set )( MGV  is the 

collection of all submodules of M and any two different )(, MGVBA   are near if and 

only if 0BA . The notation 0MG  stands for the caused subGR of MG  which 

does not contain the VX 0 . In the same sense, the intersection GR G  of )(MF  is a GR 

with )(=)( MFGV  and for two different F submodules )(, MF , ,  are near if 

and only if    and we write   adj  . If   and   are not near, we write   

nadj  .  
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The intersection GR of IF submodules of a module M  (denoted by G  or 
IF
M

G
1

 

or 
IF
M

G


) is a GR such that its vertices set is )(MIF  and two vertices A  and B  are 

near if and only if IFBA  , while IFG   denote the subGR of G  without the VX 

IF

 . We refer to [1, 2, 4, 5, 7, 10, 12, 17] for some recently researches about some 

algebraic GRs and F GRs.  

 

Definition 1: A VX of a GRG is called center if it is near with every VX of G .  

 

Theorem 2: Let N  be a module and MN  . Then N  is a center in MG  if and 

only if IF

N
  is a center in IFG


 .  

 

    •  Proof. Suppose that N  is a center in 
M

G . If IFMA
AA
),(=   and 

IFA

 , then MA 

 and A . Then  AN . We will prove IFIF

N
A


  . 

Assume ANx  . So 1=)(x
N

  and 0>)(x
A

  or 1<)(x
A

 . We can conclude 

from recent statement that 0>)()( xx
AN

   or 1<)()( xx
A

c

N
  , implies 

IFIF

N
A


  . Hence IF

N
  is a center in IFG


 . 

Conversely, let IF

N
  be a center in IF

MG

 . We will show that N is a center in

MG . For this let MK  . By assumption, IFIF

K

IF

N 
   and hence 

there exists Mx  such that  )()()( xxx
KN 

  , 

or 

there exists My  such that  )()()( yyy cc

K

c

N 
  . 

Case 1: There exists Mx  such that )()()( xxx
KN 

  . Then 0>)(x
N

  

and hence 1=)(x
N

 . Similarly 1=)(x
K

 , and so KNx  ; i.e., KN . 

case 2: There exists Mx  such that 1=)()()( xxx cc

K

c

N 
  . So 1<)(xc

N
  

and hence 0=)(xc

N
 , implies Nx . 

Similarly Kx . 

 

Therefore KNx  . So in both cases we conclude N  is a center in 
M

G . 

 

Corollary 3: If N  and K  are two submodules of M  such that KN  , then N  is a 
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center in KG  if and only if IF

N  is a center in .IF

K
G     

  

Example 4: Zn  is a center in 
Z

G , for any 1,2,...=n  so IF

nZ
  is center in IFG


 , 

where G  is the intersection GR of IF  submodules of Z .  

  

Example 5: It is clear that neither 
12

3Z  nor 
12

4Z  is center in 
12

Z
G , so neither 

IF

12
3Z

  nor IF

12
4Z

  is center in IFG

 . But IF

12
2Z

  is a center in IFG

 . 

 

Lemma 6: If A  and B  are two IF ideal of R , then BAAB  .  

   

    •  Proof. We should prove )()( xx
BAAB 

   and )()( xx
BAAB 

 , for all Rx  

If yzx = , then )()()()(=)(=)( zyyzyzyzx
BABABABA

 


, so 

)(=}=|)()({)( xyzxzyx
ABBABA

 


. 

Similarly )()()( zyx
BABA

 


; for all Rzy ,  with yzx = . Hence 

)(=}  =  |)()({)( xyzxzyx
ABBABA

 


. Thus BAAB  . 

 W  
 A ring R  is called prime  if   is a prime ideal of R . An IF  ideal A  of R  is 

called prime if whenever AIJ   for some IF  ideals JI ,  of R , then AI   or 

AJ  . 

 

Lemma 7: If R  is a prime ring, then IF


  is an IF prime ideals of R .  

   

    •  Proof. Suppose that BA,  are two IF  ideal of R  such that IFAB

 . We must 

prove IFA

  or IFB


 . 

First we show that For this let BAzyx 
00

=  where Ay 
0

 and Bz 
0

. So 

*

0 A
y   or *

0 A
y   and *

0 B
z   or *

0 B
z  . Since **

AA
   and **

BB
  , we 

conclude that *

0 A
y   and *

0 B
z  . So 

)(=}=  |  )()({)()(>1
00

xyzxzyzy
ABBABA

  . This implies =x ; as 

IFAB

= . Now since R  is prime, so =A  or =B . Finally by proposition 2.11 

we get IFA

=  or IFB


= .   
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Theorem 8: If M = R  is prime, then every VX of IFG

  is center.  

   

    •  Proof. If possibly suppose that A  is not a center in IFG

 . Then there exists a 

VX B  in IFG

  with B  nadj A . Then IFAB


 , as BAAB   by Lemma 3.5. 

Since R  is a prime ring so IF


  is a prime IF  ideal of R  by Lemma 3.6. So IFA


=  

or IFB

=  a contradiction.  

  

Example 9: It is well known that Z  is a prime ring. So every VX in the intersection GR 

of nonzero IF  submodules of Z  is a center. 

 

Lemma 10: Let BA,  be two IFM ’s of the module M . Then  

  

    1.  
*** =)( BABA  . 

 

    2.  
 BABA  =)( . 

 

    3.  
*** =)( BABA  . 

 

    4.  
 BABA  =)( . 

  

    •  Proof. (1) Let 
*

)(

* =)(
BA

BAx


  , then  

 }, ;= |)()({=)(<0 Mzyxzyzyx
BABA


  

So there exist Mzy 00 ,  such that 00= zyx   and 0>)()( 00 zy
BA

  , implies 

0>)( 0y
A

  and 0>)( 0z
B

  and so **

0

**

0 =,= BzAy
BA

  . Hence 

**

00= BAzyx  . Therefore 
***)( BABA  . 

In the other hand let ** BAx  . Then there exist *

0 Ay   and *

0 Bz   such that 

00= zyx  . Now  

 0>)()(}, ;= |)()({=)( 00 zyMzyxzyzyx
BABABA

 
 

Hence 
**

)(
)(= BAx

BA



 . Therefore 

*** )( BABA  . 

(2) Let 

BA
BAx


 =)( , then },;= | )()({=)(>1 Mzyxzyyxx

BABA



 . 

Therefore there exist Myx 
00

,  such that 
00

= zyx  , 1<)(
0

x
A

  and 1<)(
0

y
B

  
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and so  ByAx 
00

, . For converse suppose that  BAzyx 
00

= , such that 



A
Ay =

0
  and 

B
Bz =

0
 . Then 1<)(

0
y

A
  and 1<)(

0
z

B
  and so 

)(=},;= | )()({>)()(>1
00

xMzyzyxzyzy
BABABA 

  . This implies 

(3),(4) are clear. 

 

Lemma 11: Let MBA
IF

, . Then 

1. If IFBA

= , then 0=** BA  . 

2. IFBA

=  if and only if 0= BA  . 

  

    •  Proof. Use proposition 2.11 and Lemma 3.9.   

 

Theorem 12: Let A  be a nonzero IF  submodule of the module M . Then A  is a 

center in IFG

  if and only if 

A  is a center in 
M

G .  

   

    •  Proof. Suppose that A  is a center in IFG

  and MN  . Then IFIF

N 
   

and so IFIF

N
A


  . We will show that NA . Consider two cases: 

Case 1: There exists Mx  such that 0>)()( xx
NA

  . Then Ax
A
 *  and (

1=)(x
N

 ) Nx . So NAx   . 

Case 2: There exists Mx  such that 1<)()( xx c

NA
  . Then Ax

A
 *  and (

 =)(xc

N
) Nx . So NAx   ; i.e. 

A  is a center in 
M

G . 

Conversely assume 
A  is a center in 

M
G  and MB

IF

IF 

 . Then 0B  and 

hence   BA . Now by Lemma 3.10 and proposition 2.11, IFBA

 , as 

required. 

 W  
 

Theorem 13: Let BA , be two IF submodules of M . A  is a center in IF

BG

  if 

and only if 
A  is a center in B

G .  

 

    •  Proof. Suppose that A  is a center in IF

BG

 . Then 

A  is a non-zero 

submodule of M and also 
 BA  .  
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Let N  be a VX in B
G . Define an IF  submodule ),(=

CC
C   of B  by 













Nx

Nxx

x

B

C     0

    )(

=)(



  and    













Nx

Nxx

x

B

C     1

    )(

=)(



  

then NC = . 

Now for Nx  we have, or 1<)(x
C

 , by definition of C  and 
BN  . 

Since N , so there exists Nx0  so that 0>)(x
C

  or 1<)(x
C

  and this 

implies that IFC

 . Then IFCA


  and so for some non-zero My  we have 

0>)( y
A

  or 1<)(y
A

  and also 0>)(y
C

  or 1<)( y
C

 . Hence 
 CAy 0  as 

desired. 

Conversely assume that 
A  is a center in 

B

G  and IF

B
GC


 . Then 






B

GC  and hence   AC . Let  ACx  . So 0>)(x
C

  or 1<
C

  

and 0>)(x
A

  or 1<)(x
A

 . It is not difficult to see that 0>)()( xx
AC

   or 

1<)()( xx
AC

  , that implies IFAC

  as required.   

 

Lemma 14: Let MMK 
11

  and MMK 
22

 . If 
1

K  is a center in 


1

M
G  and 

2
K  is a center in 

2
M

G , then 
21

KK   is a center in 


21
MM

G .  

 

  

    •  Proof. By hypothesis,  'KK
11

 for every 
11

MK '   and  'KK
22

 

for every 
22

MK '  . Let 
21

MMN  , then 
1

KN . Since 

21
MKN  , so 

21
)( KKN , as required. 

 W  
  

Lemma 15: Let NMf :  be a module homomorphism. If NN 
1

  is a center in 


N

G  then )(
1

1 Nf   is a center in 
M

G .  

 

    •  Proof. 

Case 1: If MM 
1

0 . If =)(
1

Mf  then )(
1

1

1
NfkerfM  , so 

11

1

1
=)( MNfM  . 
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Case 2: If )(
1

Mf  then  )(
11

MfN . This means that there exists 

)(
11

MfNy  . Hence there exists 
1

Mx  such that )(= xfy  and also 

1
)( Nxf  . Then 

11

1 )( MNfx   , as required.   

 

Theorem 16:   

    1.  Let MBA
IFIF

 . Then A is a center in IFG

  if and only if A and B are 

centers in IF

B
G


  and IFG


 , respectively. 

 

    2.  Let MBB
IF

' , . If A and 
'A  are centers in IF

B
G


  and IF

'B

G


 , 

respectively, then 
'AA  is a center in IF

'BB
G





. 

 

    3.  Let NMf :  be a module homomorphism. If A is center in IF

IF
N

G



1

, then 

)(1 Af 
 is center in IF

IF
M

G



1

.  

  

    •  Proof. 1. First, we assume that A is a center in IFG

 . Consider a VX C of 

IF

B
G


 , then C is also a VX of IFG


 . By assumption IFCA


 , i.e. A is a center 

in IF

B
G


 . Again, if we consider a VX D of IFG


 , then A adj D. Thus B is also a 

center in IFG

 . 

Conversely, suppose that A and B are centers in IF

B
G


  and IFG


 , respectively. 

Now, for a VX E of IFG

 , we have B adj E, as B is a center in IFG


 . Then, 

EAEBA  )(0 , since A is a center in IF

B
G


 . From this, it is observed that 

e(A)=1 in IFG

 . Thus, A is a center in IFG


 . 

2. Assume that A and 
'A  are centers in IF

B
G


  and IF

'B

G


 , respectively. By 

Theorem 3.12, we have 
A  and are centers in 

B

G  and 
'B

G  respectively. Also 

using Lemma 3.13, 
 'AA   is a center in 

  'BB

G . Again by Theorem 3.12, it 

follows that 
'AA  is a center in IF

'BB

G





, that completes the proof. 

3. It can be easily verified that 
 ))((=)( 11 AfAf 
. Suppose that A is a center in 
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IF

IF
N

G



1

. It follows from Theorem 3.11 that 
A  is a center in 

N
G . By Lemma 

3.14, )(1 Af   is a center in 
M

G . Thus again by Theorem 3.11 we get )(1 Af   is a 

center in 
IF
M

G
1

. Hence 3 hold. 

 

Lemma 17: Let MMM 
21

,  such that =
21

MM  . If 
11

MK   and 

1211
: MMM   is the projection map, then 

211

1

1
=)( MKK  .  

   

    •  Proof. It is clear.   

 

Theorem 18: Let 
ii

BA   be IF  submodules of a modules M , for ni 1,2,...,= . If 

n

ii
A

1=
}{  is a disconnected set of vertices of G , and 

i
A  is a center in IF

i
B

G


  for each 

}{1,2,...,ni , then n

ii
B

1=
}{  is also a disconnected set and 

n
AAA  ...

21
 is a center 

in IF

n
BBB

G



 ...
21

.  

 

    •  Proof. First we show that the theorem is true for 2=n . We consider a 

disconnected set },{
21

AA  of vertices of G  such that 
1

A  and 
2

A  are centers in 

IF

B
G




1

 and IF

B
G




2

, respectively. By using Theorem 3.12, 

1
A  and 

2
A  are 

centers in 

1

B

G  and 

2

B

G , respectively. By Lemma 3.13, we have 

21
AA   is a 

center in 
 

21
BB

G . By hypothesis, IFAA

=

21
  which concludes that =

21

 AA   

by Lemma 3.10. Thus =
21

 BB   and from this we see that },{
21

BB  is also a 

disconnected set of vertices. 

Now take the projection maps 

221
: BBB   and 

221
: BBB  . By the Lemma 

3.14 and Lemma 3.16, it can be seen that 

211

1 =)( BAA   and 

122

1 =)( BAA   are 

centers in 
 

21
BB

G . We have 

1
A  nadj 

2
B  and 

2
A  nadj 

1
B . It is not difficult to see 

that 

21
AA   is a center in 

 
21

BB

G . Hence by Lemma 3.9 (2), )(
21

AA   is a center 

in 
 )

21
( BB

G . So 
21

AA   is a center in 
21

BB  , by Theorem 3.12. Next assume that 

the theorem is true for 1n , then },...,,{
121 n

BBB  is a disconnected set of vertices and 
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121
...




n
AAA  is a center in IF

n
BBB

G



 1...

21

. Now by the above case it is clear 

that 1)...( 21  nBBB  nadj nB  and nn AAAA  1)...( 21  is a center in 
IF

n
B

n
BBB

G



 1)...
21

(
. Hence n

ii
B

1=
}{  is also a disconnected set and nAAA  ...21  

is a center in IF

n
BBB

G



 ...
21

, as required. 

 

Lemma 19: Let M  be an R -module and MCBA IF,,  such that IFBA

=  and 

IFCBA

=)(  , then IFCBA


=)(  . 

 

    •  Proof. Straightforward.   

 

Theorem 20: For any )(GVA , there is a non-near VX C  to A  such that CA  is a 

center in IFG

 . 

  

    •  Proof. We consider that A  is a non-zero IF  submodule of M . Let 

}= | {= IF

IF
BAMB


 . Clearly,  . By Zorn

,
s lemma   has a maximal 

element C , with respect to IFCA

= . Thus we obtain a non-near VX C  to A . 

Now, we show that CA  is a center in IFG

 . Suppose CA  is not a center in 

IFG

 . This means 1>)( CAe  . Then there is a non-zero )(GVD  such that 

)( CA  nadj D , and this gives A  nadj )( DC  . But, maximality of C  with respect 

to IFCA

=  implies that CCA = . Therefore, we get IFCADD


=)(=   by 

Lemma 3.18, which is absurd. Hence the theorem is obtained. 

 W  
 

Corollary 21: Let BA  be two IF  submodules of M . Then for any )(
B

GVA , 

there is a non-near VX C  to A  such that CA  is a center in IF

B
G


 . 

 

Definition 22: Suppose that G  is the intersection GR of IF submodules of a module M

. Let )(GVA . Then a VX )(GVB  is said to be a complement of A  if A  nadj B  

and IF

M
BA 1= . G  is said to be a edcomplement  GR if every VX of G  has a 

complement.  
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Theorem 23: If G  is a complemented GR, then so is 
A

G  for any IF  submodule A  of 

M . 

 

    •  Proof. Let )(
A

GVB . Then AB'   is a complement of B  in 
A

G , where 
'B  

is a complement of B  in G . 

 

Definition 24: An IF submodule A  of M  is called maximal  if A  is a maximal 

element in the set of all non-constant IF submodules of M , with respect to the set 

inclusion. 

 

Lemma 25: (Modularity Low): Let M  be a module and ),(=
AA

A  , ),(=
BB

B   

and ),(= CCC   be IFM ’s of M . Then )()()( CABACBA  . Moreover 

if AB  , then )(=)( CABCBA  .  

  

    •  Proof. The first statement is clear. 

To see the second statement, suppose that AB  . Then for every Mx  we have  

 )}=(; =  |))()(()({=))((
)(

zyxxzyzzyx
CABCAB


  

}=  |)())()(()({ xzyzyxy
CAAB

   = (since AB  ) 

 

})=  |)()({()(=}=  |)()()({ xzyzyxxzyzxy
CBACAB

    =  

 ))((
)(

x
CBA 

  

Also  

 )}=(; =  |))()(()({=))((
)(

zyxxzyzzyx
CABCAB


  

}=  |)())()(()({ xzyzyxy
CAAB

   = (since AB  ) 

 

})=  |)()({()(=}=  |)()()({ xzyzyxxzyzxy
CBACAB

    =  

 ))((
)(

x
CBA 

  

So we conclude that )()( CABCBA  . 

Finally )(=)( CABCBA   in this case.   

Lemma 26: Let M  be an R -module and BA,  two IF  submodules of M . 

1. For (0,1]t  
tt

BA   if and only if BA . 

2. For (0,1]t  
tt

BA =  if and only if BA = . 
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    •  Proof. Straightforward.   

Let (0,1]t  and Xx , define the IF  F point ),(=
tt

IF

t
x   such that  





 xy

xyt
y

t      0

=     
=)(  and 













xy

xyt

y
t

    1

=     1

=)( , for every Xy . 

If A  is an IF  subset of X , then the notation Ax IF

t
  means 

t
Ax .  

 

Theorem 3.27 Let A  be a VX in G . If 
A

G  is a complemented GR, then there is a 

non-trivial maximal IF  submodule of A  which is not a center IF

A
G


 . 

 

    •  Proof. It is not sufficient to show that for (0,1]t  and for each Ax IFIF

t



 , we 

have a maximal IF submodule C  of A  such that Cx IF

t
 . We consider Ax IF

t
 . Let 

}),( | {= BxAIFBB IF

t
 . It is clear that IF


 , hence  . So by Zorn’s 

lemma   has a maximal element say. We show that C  is a maximal IF  submodule 

of A . Let 
ttt

ADC  . Since 
tt

AD  , so AD  . As )(AG  is complemented, 

therefore there exists )(AIFD'   with 
'DDA =  and D  nadj 

'D . Now 

CCDDCDCD IF'' ==)(=)(

 . 

Thus Cx IF

t
  implies either DxIF

t
  or )( 'IF

t
DCx  . If DxIF

t
 , then CD = , as 

C  is maximal with Cx IF

t
 . So 

tt
CD = . Also if )( 'IF

t
DCx  , then CDC ' = . 

This gives 
t

'

tt
CDC = . Therefore 

'DDA =  gives Thus C  is maximal with 

Cx IF

t
 . From this, we get that there exists a maximal F -submodule C  of A  with 

Cx IF

t
  if Ax IFIF

t
 )(


 . We observe that AA  | {  is a maximal submodule of 

IFA

=} , as desired. 

  

Definition 28: An IF -submodules IFB

=  of M  is said to be simple  if BA , 

where )(MIFA  implies either IFA

=  or BA = .  

 

Theorem 29: Let M  be a module. If IF

M
1  is the sum of simple IF submodules of M , 

then IF

M
1  is the only center in IFG


 . 
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    •  Proof. If possible, we assume that A  is a center in }{ IFG

  which is different 

from IF

M
1 . But IF

M
1  is the sum of simple IF submodules of IF

M
1  . Let 

Iii
A


}{  be the 

collection of all simple IF submodules of IF

M
1 . Then 

i

IF

M
A=1 . 

Since A  is center , therefore 0 AA  for every i . As for every i , 
i

A  is a simple IF 

submodules of M , thus 
ii

AAA   gives 
ii

AAA = . That means A  contains all 

simple IF -submodules of M . From this AIF

M
1 , implies IF

M
A 1= . 

 W  
 

Theorem 30: If IF

M
1  is the only center in IFG


 , then the intersection of maximal 

paper F -submodules of IF

M
1  is IF


 .  

 

    •  Proof. Let IF

M
A 1 . Then by Corollary 3.20 there is a non-near VX B  with 

BA  is a center in G . From the given condition IF

M
BA 1= . This means that B  is a 

complement of A . Thus G  is a complement GR. Now, following the same way of 

Theorem 3.26, we get the result. 
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